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We determine the number of Fq-rational points of a class of Artin–Schreier curves
by using recent results concerning evaluations of some exponential sums. In
particular, we determine inﬁnitely many new examples of maximal and minimal
plane curves in the context of the Hasse–Weil bound. # 2002 Elsevier Science (USA)1. INTRODUCTION
Let Fq denote the ﬁnite ﬁeld with q ¼ pe elements and PnðFqÞ be the n-
dimensional projective space over Fq. For any f 2 Fq½X1; . . . ;Xn of degree d,
deﬁne the homogenous polynomial f * 2 Fq½X0; . . . ;Xn by f * ðX0; . . . ;XnÞ ¼
Xd0 f ðX1=X0; . . . ;Xn=X0Þ. The set of Fq-rational points of an algebraic
hypersurface Xf is the set of all points P 2 PnðFqÞ satisfying f * ðP Þ ¼ 0.
The hypersurface Xf is called a plane curve if n ¼ 2. If g denotes the genus of
the curve and N denotes the number of Fq-rational points on the curve, then
we have the classical Hasse–Weil bound
jN  ðqþ 1Þj 
 2g
ﬃﬃﬃ
q
p
;
provided the polynomial f ðX1;X2Þ is absolutely irreducible. In the two
extremes, where jN  ðqþ 1Þj ¼ 2g
ﬃﬃﬃ
q
p
, a curve is called maximal or minimal
in the obvious way.
An Artin–Schreier curve is a plane curve with equation of the form
yq þ dy ¼ f ðxÞ397
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ROBERT S. COULTER398with d in some ﬁnite extension ﬁeld K of Fq and f 2 K½X . Artin–Schreier
curves have been studied extensively in several contexts; see, for example,
the articles [5–8,10,14]. Note also that the Hermitian curve, yq þ y ¼ xqþ1
over Fq2 , is an Artin–Schreier curve. This curve has genus qðq 1Þ=2.
Stichtenoth, see [13, Chap. V.3], showed that curves over Fq2 of genus
> qðq 1Þ=2 could not be maximal. R .uck and Stichtenoth [12] have since
shown that the Hermitian curve is the only maximal curve over Fq2 of genus
qðq 1Þ=2; see also [4].
The solution to the problem of determining the number of points on a
plane curve often relies on the explicit evaluation of an exponential sum (or
vice versa). For a; b 2 Fq and any integer a, we deﬁne Saða; bÞ by
Saða; bÞ ¼
X
x2Fq
w1ðax
paþ1 þ bxÞ:
The explicit evaluation of Saða; bÞ was carried out in the articles [1–3]. It is
the purpose of this article to use these evaluations to determine the number
of Fq-rational points on the Artin–Schreier curve
yp
n
 y ¼ axp
aþ1 þ LðxÞ;
where a 2 F*q ; t ¼ gcdðn; eÞ ¼ ðn; eÞ divides d ¼ ða; eÞ, and L 2 Fq½X  is a pt-
polynomial. This is accomplished by reducing the problem to a formula
involving Saða; bÞ and then determining the value of this formula under the
various conditions which arise. In so doing, we determine inﬁnitely many
new examples of both maximal and minimal curves, for any choice of t.
2. DEFINITIONS AND PRELIMINARIES
Throughout this article Fq denotes the ﬁnite ﬁeld of q ¼ pe elements
where p is a prime, a is a natural number, d ¼ ða; eÞ, and n is any natural
number such that t ¼ ðn; eÞ divides d. We denote by F*q the non-zero
elements of Fq and identify a generator of F
*
q by z. For any k dividing e we
can deﬁne the trace function Trk : Fq ! Fpk by
TrkðxÞ ¼ xþ xp
k
þ xp
2k
þ    þ xp
kðe=k1Þ
for all x 2 Fq. The trace function satisﬁes Trkðxþ yÞ ¼ TrkðxÞ þ TrkðyÞ,
Trkðxp
k
Þ ¼ TrkðxÞ, and TrkðbxÞ ¼ bTrkðxÞ for all x; y 2 Fq and b 2 Fpk . We
shall denote the absolute trace, Tr1, simply by Tr.
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LðX Þ ¼
X
i
aiXp
si
:
Every ps-polynomial is a p-polynomial. Also known as linearised or
additive polynomials, p-polynomials satisfy Lðxþ yÞ ¼ LðxÞ þ LðyÞ for all
x; y 2 Fq. We recall that a polynomial is called a permutation polynomial over
Fq if it induces a permutation of Fq under evaluation. It is easy to establish
that a linearised polynomial L is a permutation polynomial over Fq if and
only if LðxÞ ¼ 0 implies x ¼ 0.
There are two classes of characters associated with a ﬁnite ﬁeld: the
additive characters deﬁned on Fq and the multiplicative characters deﬁned
on F*q . The canonical additive character of Fq, denoted w1, is deﬁned by
w1ðxÞ ¼ expð2piTrðxÞ=pÞ
for all x 2 Fq. Every additive character, wc with c 2 Fq, can be obtained from
the canonical character by wcðxÞ ¼ w1ðcxÞ for all x 2 Fq. The properties of the
trace function imply w1ðxþ yÞ ¼ w1ðxÞw1ðyÞ and w1ðx
pÞ ¼ w1ðxÞ for all
x; y 2 Fq. A proof of the following lemma is provided in [9, Lemma 7.1.3].
Lemma 2.1. Denote by w1 the canonical additive character of Fq with
q ¼ pe. Let a 2 Fq be arbitrary and let k be some integer dividing e. Then
X
b2Fpk
w1ðcbÞ ¼
pk if TrkðcÞ ¼ 0;
0 otherwise:
(
For 0 
 j 
 q 2, we deﬁne a multiplicative character lj of Fq by
ljðz
kÞ ¼ expð2pijk=ðq 1ÞÞ
for k ¼ 0; . . . ; q 2. When p is odd we shall use Z to denote the quadratic
character of Fq. That is, Z ¼ lðq1Þ=2.
For any additive character w and any multiplicative character l of Fq we
can deﬁne the classical Gaussian sum Gðl; wÞ by
Gðl; wÞ ¼
X
x2F *q
lðxÞwðxÞ:
Introduced by Gauss, these sums are used to consider the interaction
between the additive and multiplicative groups of a ﬁnite ﬁeld. They have
been studied extensively; see [11, Chap. 5] for further information. We shall
require the following result on Gaussian sums.
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we have
GðZ; w1Þ ¼
ð1Þe1
ﬃﬃﬃ
q
p
if p  1 mod 4;
ð1Þe1ie
ﬃﬃﬃ
q
p
if p  3 mod 4:
(
The following lemma on greatest common divisors will prove useful. A
proof is given in [1,3].
Lemma 2.3. Let d ¼ ða; eÞ and p be a prime. If e=d is odd then
ðpa þ 1;pe  1Þ ¼
1 if p ¼ 2;
2 otherwise:
(
If e=d is even then ðpa þ 1;pe  1Þ ¼ pd þ 1.
Finally, we will need several results concerning the question of when two
related equations are solvable.
Theorem 2.1 [1, Theorem 4.1]. Let p be odd. For any a 2 F*q ; the
equation ap
a
xp
2a
þ ax ¼ 0 is solvable for x 2 F*q if and only if e=d is even with
e ¼ 2m and
aðq1Þ=ðp
dþ1Þ ¼ ð1Þm=d :
In such cases there are p2d  1 non-zero solutions.
Theorem 2.2 [3, Theorem 3.1]. Let q ¼ 2e. For any a 2 F*q consider the
equation a2
a
x2
2a
þ ax ¼ 0 over Fq.
ðiÞ If e=d is odd then there are 2d solutions to this equation for any choice
of a 2 F*q .
ðiiÞ If e=d is even then there are two possible cases. If a ¼ zkð2
dþ1Þ for some
k then there are 22d solutions to the equation. If a=zkð2
dþ1Þ for any k then there
exists one solution only, x ¼ 0.
The polynomial ap
a
Xp
2a
þ aX is a linearised polynomial. Thanks to the
simple statement for when a linearised polynomial is a permutation
polynomial, it can be seen that Theorems 2.1 and 2.2 provide explicit
descriptions for when this polynomial is a permutation polynomial over Fq.
3. WHEN IS ap
a
xp
2a
þ axþ bp
a
¼ 0 SOLVABLE?
As mentioned earlier, the value of Saða; bÞ was explicitly determined in the
articles [1–3]. Unfortunately, in some cases the results rely on knowing when
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ap
a
xp
2a
þ axþ bp
a
¼ 0
with a; b 2 Fq and a 2 N, can be solved for x 2 Fq, in particular when e=d is
even. In this section we determine necessary and sufﬁcient conditions for
solving this equation when e=d is even.
Let faðX Þ ¼ ap
a
Xp
2a
þ aX with a 2 F*q and suppose e=d is even with
e ¼ 2m. We wish to consider when the equation faðxÞ ¼ bp
a
has solutions
x 2 Fq. Clearly it has a unique solution when fa is a permutation polynomial.
In the remaining cases we now derive conditions on a and b for when the
equation is solvable. The following proposition follows from Theorems 2.1
and 2.2.
Proposition 3.1. Let e=d be even with e ¼ 2m. The polynomial fa is not
a permutation polynomial over Fq if and only if a ¼ z
kþiðpdþ1Þ for some integer
i and fixed k given by
k ¼
0 if p ¼ 2 or p odd and m=d even
ðpd þ 1Þ=2 if p odd and m=d odd :
(
Proposition 3.2. Let e=d be even with e ¼ 2m. Set
a0 ¼
1 if p ¼ 2
zðq1Þ=2ðp
d1Þ if p odd:
(
Then a0 2 F*p2d and fa0 is not a permutation polynomial.
Proof. It is a simple matter to conﬁrm a0 2 F*p2d . If p ¼ 2, then fa0 is not
a permutation polynomial by the previous proposition. If p is odd, then
aðq1Þ=ðp
dþ1Þ
0 ¼ ðz
ðq1Þ=ð2ðpd1ÞÞðq1Þ=ðp
dþ1Þ
¼ ðzðq1Þ=2Þðq1Þ=ðp
2d1Þ
¼ ð1Þð1þp
2dþþp2dððm=dÞ1Þ
¼ ð1Þm=d :
By Theorem 2.1, fa0 is not a permutation polynomial. &
Note that if fa is not a permutation polynomial, we can always write
a as a ¼ a0z
iðpdþ1Þ for some integer i. We deﬁne aj ¼ a0z
jðpdþ1Þ for all
integers j.
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exists a unique element g 2 F*q such that gt ¼ z and ziðp
dþ1Þ ¼ giðp
aþ1Þ for all
integers i. Thus aj ¼ a0g jðpa þ 1Þ for all integers j.
Proof. As ðpa þ 1; q 1Þ ¼ pd þ 1; the monomial X t is a permutation
polynomial. So we can solve uniquely for gt ¼ g. The remainder of the
proposition follows immediately. &
Theorem 3.3. Let e=d be even so that e ¼ 2m for some integer m. Define
a0 ¼
1 if p ¼ 2
zðq1Þ=2ðp
d1Þ if p odd:
(
For a 2 F*q , set faðX Þ ¼ ap
a
Xp
2a
þ aX and consider the equation
faðxÞ þ bp
a
¼ 0:
(i) If a=a0z
sðpdþ1Þ for any integer s; then the equation can be solved
uniquely in x for any choice of b 2 Fq.
(ii) If a ¼ a0z
sðpdþ1Þ for some integer s, then the equation is solvable if and
only if Tr2d ðbgsÞ ¼ 0 where g 2 F*q is the unique element satisfying
gðp
aþ1Þ=ðpdþ1Þ ¼ z.
The proof will require the following lemma.
Lemma 3.4. Let K be a finite extension of Fq; q ¼ pe, with ½K : Fq ¼ k.
Then for v 2 K we have TrK=FqðvÞ ¼ 0 if and only if v ¼ w
qt  w, with t any
integer satisfying ðt; kÞ ¼ 1, for some w 2 K dependent on t.
Proof. There are qk1 distinct elements v 2 K satisfying TrK=FqðvÞ ¼ 0.
Fix an integer t satisfying ðt; kÞ ¼ 1. For any element w 2 K it is clear from
the properties of the trace function that TrK=Fq ðw
qt  wÞ ¼ 0. Furthermore,
the polynomial Xq
t
 X has qk1 distinct images over K as xq
t
 x ¼ yq
t
 y
if and only if x y 2 Fq. Hence every v 2 K which satisﬁes TrK=Fq ðvÞ ¼ 0 can
be written in the form v ¼ wq
t
 w. &
This lemma is an extension of [11, Theorem 2.25].
Proof of Theorem 3.3. Part (i) follows trivially from Theorems 2.1 and
2.2. We need to establish (ii). Note ﬁrst that ap
a1
0 ¼ 1 in any
characteristic, as a0 ¼ 1 in characteristic 2 while odd characteristic follows
from a=d being odd. Fix aj ¼ a0z
jðpdþ1Þ ¼ a0g jðp
aþ1Þ. Then the equation
faj ðxÞ þ b
pa ¼ 0 can be simpliﬁed to
bp
a
¼ a0g jp
a
ðg jxÞp
2a
þ a0g jp
a
g jx:
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a
and making a change of variable by setting
y ¼ g jx we obtain the equation
yp
2a
 y ¼ a10 ðbg
jÞp
a
:
By Lemma 3.4, this equation is solvable in y if and only if
Tr2d ða10 ðbg
jÞp
a
Þ ¼ 0:
Since a0 2 F*p2d , this trace mapping is zero if and only if Tr2d ðbg
jÞ ¼ 0. Thus
the equation fajðxÞ þ b
pa ¼ 0 is solvable in x 2 F*q if and only if
Tr2d ðbgjÞ ¼ 0. &
4. PREVIOUS RESULTS
We shall now review the previous results on the evaluation of Saða; bÞ.
This recall, along with the previous section, will allow us to provide a more
uniﬁed treatment of the evaluation of Saða; bÞ, especially when e=d is even.
Throughout a=0. The following results come from the articles [1–3].
4.1. When e=d is Odd
Theorem 4.4. Let e=d be odd. Then
Saða; 0Þ ¼
0 if p ¼ 2;
ð1Þe1
ﬃﬃﬃ
q
p
ZðaÞ if p  1 mod 4;
ð1Þe1ie
ﬃﬃﬃ
q
p
ZðaÞ if p  3 mod 4;
8><
>>:
where Z denotes the multiplicative quadratic character.
Theorem 4.5. Let p ¼ 2; b 2 F*q and suppose e=d is odd. Then
Saða; bÞ ¼ Sað1; bc1Þ;
where c 2 F*q is the unique element satisfying c2
aþ1 ¼ a. If Trd ðbÞ=1 then
Sað1; bÞ ¼ 0. If TrdðbÞ ¼ 1 then there exists some element w 2 Fq such that
b ¼ w2
2a
þ wþ 1 and
Sað1; bÞ ¼ w1ðw
2aþ1 þ wÞ
2
e=d
	 
d
2ðeþdÞ=2;
where ð2sÞ is the Jacobi symbol.
ROBERT S. COULTER404Theorem 4.6. Let q and e=d be odd and set f ðX Þ ¼ ap
a
Xp
2a
þ aX . Let x0
be the unique solution of the equation f ðxÞ ¼ bp
a
; b=0. Then
Saða; bÞ ¼
ð1Þe1
ﬃﬃﬃ
q
p
ZðaÞw1ðax
paþ1
0 Þ if p  1 mod 4
ð1Þe1i3e
ﬃﬃﬃ
q
p
ZðaÞw1ðax
paþ1
0 Þ if p  3 mod 4:
8<
:
4.2. When e=d is Even
Theorem 4.7. Let e=d be even with e ¼ 2m. Set f ðX Þ ¼ ap
a
Xp
2a
þ aX .
Define
a0 ¼
1 if p ¼ 2
zðq1Þ=2ðp
d1Þ if p odd:
(
Then Saða; bÞ ¼ 0 unless the equation f ðxÞ ¼ bp
a
is solvable. There are two
possibilities.
ðiÞ If a=a0z
sðpdþ1Þ for any integer s, then, for any choice of b 2 Fq, the
equation has a unique solution x0 and
Saða; bÞ ¼ ð1Þ
m=dpmw1ðax
paþ1
0 Þ:
ðiiÞ If a ¼ a0z
sðpdþ1Þ for some integer s, then the equation is solvable if
and only if Tr2dðbgsÞ ¼ 0 where g 2 F*q is the unique element satisfying
gðp
aþ1Þ=ðpdþ1Þ ¼ z. In such cases
Saða; bÞ ¼ ð1Þ
m=dpmþdw1ðax
paþ1
0 Þ:
where x0 is any solution to f ðxÞ ¼ bp
a
.
While the statements of those results concerning e=d odd do not warrant
further discussion (than that given in the previous articles), the same cannot
be said for this single statement for e=d even. First, the cases b ¼ 0 and b=0
have previously been dealt with separately. Second, it will be seen from a
comparison of [2, Theorem 2; 3, Theorem 5.3(ii)] that, for b=0, there
appears to be a second possibility in characteristic 2. In fact, this second
possibility can be removed. For this reason, we give an abridged proof of
this theorem.
Proof (Abridged Proof of Theorem 4.7). If a=zkþsðp
dþ1Þ, then [3,
Theorem 5.3(i)] and [2, Theorem 1(ii)] coincide for b=0. If b ¼ 0 then
x0 ¼ 0, and w1ðax
paþ1
0 Þ ¼ 1. The results [1, Theorem 2] and [3, Theorem 5.2]
for Saða; 0Þ can be seen to match the statement given above.
Let a ¼ zkþsðp
dþ1Þ for a set integer i. For Saða; 0Þ, it is easily seen that [1,
Theorem 2; 3, Theorem 5.2] coincide. For b=0, [2, Theorem 1(ii)] shows
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throughout [2] that p is odd, only a single part of the entire proof of [2,
Theorem 1(ii)] does not hold in characteristic 2. To complete the proof for
characteristic 2, we need to show Trdðac2
aþ1Þ ¼ 0 where c is any root of f .
Any such c=0 satisﬁes c2
2a1 ¼ a12
a
from which we can see that any root of
f satisﬁes c2
aþ1 ¼ ba1 where b 2 F2d . Hence Trd ðac2
aþ1Þ ¼ Trd ðbÞ ¼ 0 as
e=d is even. It remains to show that the case b ¼ 0 can be absorbed by the
more general statement. So, suppose b ¼ 0 and a ¼ a0z
sðpdþ1Þ ¼ a0gsðp
aþ1Þ.
We need to show that w1ðax
paþ1
0 Þ ¼ 1 (or, equivalently, Trðax
paþ1
0 Þ ¼ 0Þ for
any root x0 of f ðas f ð0Þ ¼ 0 and w1ð0Þ ¼ 1Þ. Characteristic 2 follows
from the preceding argument as Trðaxp
aþ1
0 Þ ¼ TrFpd =Fp ðTrd ðax
paþ1
0 ÞÞ ¼
TrFpd =Fp ð0Þ ¼ 0. In odd characteristic, as a
pa
0 ¼ a0, any root x0 of f satisﬁes
ðg jx0Þ
p2a ¼ g jx0. So Trðax
paþ1
0 Þ ¼ Trðax
paþ1
0 Þ
pa ¼ Trðaxp
aþ1
0 Þ ¼ 0. &
5. FIRST EXAMINATION
Set n to be any positive integer and t ¼ ðn; eÞ. Let f 2 Fq½X  and deﬁne
Nnðf Þ to be the number of solutions ðx; yÞ 2 Fq  Fq of the equation
f ðxÞ ¼ yp
n
 y:
By the orthogonality relations of characters we have
qNnðf Þ ¼
X
h;x;y2Fq
w1ðhf ðxÞ  hðy
pn  yÞÞ
¼
X
h;x2Fq
w1ðhf ðxÞÞ
X
y2Fq
w1ðhy
pn þ hyÞ
0
@
1
A
¼
X
h;x2Fq
w1ðhf ðxÞÞ
X
y2Fq
w1ðy
pn ðhp
n
 hÞÞ
0
@
1
A:
The inner sum is q if hp
n
 h ¼ 0 (so that h 2 Fpt Þ, otherwise the inner sum is
zero.
Lemma 5.5. With notation as above,
Nnðf Þ ¼
X
h2Fpt
X
x2Fq
w1ðhf ðxÞÞ:
In this article, we wish to determine Nnðf Þ where f ðX Þ ¼ aXp
aþ1 þ LðX Þ
and t ¼ ðn; eÞ divides ða; eÞ.
ROBERT S. COULTER406For any integer t dividing d ¼ ða; eÞ, deﬁne Na;tða; bÞ ¼ NtðaXp
aþ1 þ bX Þ to
be the number of solutions ðx; yÞ 2 Fq  Fq of the equation
axp
aþ1 þ bx ¼ yp
t
 y;
where a; b 2 Fq with a=0. We now show that our general problem is
equivalent to determining Na;tða; bÞ for a particular b which is dependent on
the pt-polynomial L.
Theorem 5.8. Let n be any integer such that t ¼ ðn; eÞ divides d ¼ ða; eÞ
and L 2 Fq½X  be a pt-polynomial given by
LðX Þ ¼
Xe=t1
i¼0
biXp
ti
:
Set b ¼
Pe=t1
i¼0 b
peti
i and faðX Þ ¼ aX
paþ1 þ LðX Þ. Then NnðfaÞ ¼ Na;tða; bÞ.
Proof. From Lemma 5.5 we have
NnðfaÞ ¼
X
h2Fpt
X
x2Fq
w1ðhfaðxÞÞ
¼
X
h2Fpt
X
x2Fq
w1ðhax
paþ1Þ
Ye=t1
i¼0
w1ðhbix
pti Þ
 !
¼
X
h2Fpt
X
x2Fq
w1ðhax
paþ1Þ
Ye=t1
i¼0
w1ðxðhbiÞ
peti Þ
 !
¼
X
h2Fpt
X
x2Fq
w1ðhax
paþ1Þ
Ye=t1
i¼0
w1ðhxb
peti
i Þ
 !
¼
X
h2Fpt
X
x2Fq
w1ðhax
paþ1 þ hbxÞ
¼Na;tða; bÞ: &
Sections 6 and 7 will be concerned with determining Na;tða; bÞ. Section 8
identiﬁes some curves which meet the Hasse–Weil bound.
6. THE NUMBER OF SOLUTIONS WHEN e=d IS ODD
Throughout this section we assume e=d is odd. We deal with characteristic
2 ﬁrst.
RATIONAL POINTS OF ARTIN–SCHREIER CURVES 407Theorem 6.9. Set p ¼ 2. Let e=d be odd and let c 2 F*q be the unique
element satisfying c2
aþ1 ¼ a. Then Na;tða; bÞ ¼ Na;tð1; bc1Þ. If Trd ðbÞ =2 F*2t then
Na;tð1; bÞ ¼ q. If Trd ðbÞ 2 F*2t then Na;tð1; bÞ ¼ qþ Sað1; bbÞ where b 2 F
*
2t
satisfies b ¼ Trd ðbÞ
1.
Proof. By Lemma 5.5, we have
Na;tða; bÞ ¼ qþ
X
h2F *
2t
X
x2Fq
w1ðhax
2aþ1 þ hbxÞ
¼ qþ
X
h2F *
2t
X
x2Fq
w1ðhðcxÞ
2aþ1 þ hbc1ðcxÞÞ
¼ qþ
X
h2F *
2t
X
y2Fq
w1ðhy
2aþ1 þ hbc1yÞ
¼ Na;tð1; bc1Þ:
For each h 2 F*2t there exists a unique element g 2 F
*
2t satisfying g
2aþ1 ¼ h.
Hence, by Lemma 5.5,
Na;tð1; bÞ ¼ qþ
X
h2F *
2t
X
x2Fq
w1ðhx
2aþ1 þ hbxÞ
¼ qþ
X
g2F *
2t
X
x2Fq
w1ððgxÞ
2aþ1 þ bg2
a
ðgxÞÞ
¼ qþ
X
g2F *
2t
Sað1; bgÞ:
By Theorems 4.4 and 4.5, Sað1; bgÞ ¼ 0 unless TrdðbgÞ ¼ gTrd ðbÞ ¼ 1. If Trd
ðbÞ =2 F*2t then gTrdðbÞ=1 for all g 2 F
*
2t and so Na;tð1; bÞ ¼ q. If Trd ðbÞ 2 F
*
2t
then there exists a unique element b 2 F*2t satisfying b ¼ Trd ðbÞ
1. For all
g 2 F*2t \fbg we still have Sað1; bgÞ ¼ 0. The result follows. &
Before continuing to odd characteristic, we make the following
observations. First, let Z denote the quadratic character of Fq and Z0 denote
the quadratic character of Fpt . Then for any h 2 F*pt we have
ZðhÞ ¼
1 if e=t is even;
Z0ðhÞ if e=t is odd:
(
Second, denote by m1 the canonical additive character of Fpt . Then we have
w1ðxÞ ¼ m1ðTrtðxÞÞ
for all x 2 Fq.
ROBERT S. COULTER408Theorem 6.10. Let q ¼ pe be odd and f ðX Þ ¼ ap
a
Xp
2a
þ aX . Let e=d be
odd and define x0 to be the unique solution of the equation f ðxÞ ¼ bp
a
. There
are two possibilities.
ðiÞ If e=t is odd then Na;tða; bÞ ¼ q provided Trtðax
paþ1
0 Þ ¼ 0. If
Trtðax
paþ1
0 Þ=0 then
Na;tða; bÞ ¼ qþ
ZðaTrtðax
paþ1
0 ÞÞp
ðeþtÞ=2 if p  1 mod 4;
ZðaTrtðax
paþ1
0 ÞÞð1Þ
ð3eþtÞ=2pðeþtÞ=2 if p  3 mod 4:
(
ðiiÞ If e=t is even then e ¼ 2m. If Trtðax
paþ1
0 Þ ¼ 0, then
Na;tða; 0Þ ¼ q
pmðpt  1ÞZðaÞ if p  1 mod 4;
ð1Þmpmðpt  1ÞZðaÞ if p  3 mod 4:
(
If Trtðax
paþ1
0 Þ=0, then
Na;tða; bÞ ¼ qþ
pmZðaÞ if p  1 mod 4;
ð1ÞmpmZðaÞ if p  3 mod 4:
(
Proof. Set S ¼
P
h2F*
pt
ZðhÞ. Combining Lemma 5.5 and Theorem 4.4 we
have
Na;tða; 0Þ ¼ qþ
SZðaÞð1Þe1pe=2 if p  1 mod 4;
SZðaÞð1Þe1iepe=2 if p  3 mod 4;
(
while combining Lemma 5.5 and Theorem 4.6 yields
Na;tða; bÞ ¼ qþ
X
h2F*
pt
ZðhaÞw1ðhax
paþ1
0 Þ
0
B@
1
CAð1Þe1pe=2 ð1Þ
if p  1 mod 4, and
Na;tða; bÞ ¼ qþ
X
h2F*
pt
ZðhaÞw1ðhax
paþ1
0 Þ
0
B@
1
CAð1Þe1i3epe=2 ð2Þ
if p  3 mod 4.
Suppose e=t is odd. As ZðhÞ ¼ Z0ðhÞ for all h 2 F*pt , then S ¼ 0 and we
obtain the claimed result (b ¼ 0 implies x0 ¼ 0). Let m1 be the canonical
additive character of Fpt and m ¼ mTrtðaxp
aþ1
0
Þ. Recall also ZðxyÞ ¼ ZðxÞZðyÞ for
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h2F*
pt
ZðhaÞw1ðhax
paþ1
0 Þ ¼ ZðaÞGðZ
0;mÞ;
where GðZ0; mÞ is the Gaussian sum on F*pt . If Trtðax
paþ1
0 Þ ¼ 0 then GðZ
0; mÞ ¼ 0
as m is the trivial additive character. If Trtðax
paþ1
0 Þ=0 then
GðZ0; mÞ ¼ Z0ðTrtðax
paþ1
0 ÞÞGðZ
0;m1Þ;
see [11, Theorem 5.12(i)]. Lemma 2.2 can now be used to determine the
value of GðZ0;m1Þ. Also, as e=t is odd and TrtðxÞ 2 Fpt for all x 2 Fq, we have
Z0ðTrtðax
paþ1
0 ÞÞ ¼ ZðTrtðax
paþ1
0 ÞÞ. Combining these comments with (1) and (2)
completes the proof for e=t odd.
Now suppose e=t is even. Then e ¼ 2m and ZðhÞ ¼ 1 for all h 2 F*pt . In this
case S ¼ pt  1, giving the result. For b=0, the sum in Eqs. (1) and (2) can
be simpliﬁed to
ZðaÞ
X
h2F*
pt
w1ðhax
paþ1
0 Þ:
Lemma 2.1 can be used to obtain the explicit value of this sum:
X
h2F*
pt
w1ðhax
paþ1
0 Þ ¼
pt  1 if Trtðax
paþ1
0 Þ ¼ 0;
1 otherwise:
(
The result follows. &
7. THE NUMBER OF SOLUTIONS WHEN e=d IS EVEN
It remains to deal with the case e=d even. Unlike the case e=d odd, here we
are able to give a single treatment for all characteristics.
Theorem 7.11. Let e=d be even so that e ¼ 2m for some integer m. Define
a0 ¼
1 if p ¼ 2
zðq1Þ=2ðp
d1Þ if p odd:
(
Then Na;tða; bÞ ¼ q unless the equation
ap
a
xp
2a
þ axþ bp
a
¼ 0 ð3Þ
is solvable. There are two possibilities.
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sðpdþ1Þ for any integer s then Eq. (3) is always solvable with
unique solution x0. Under this scenario we have
Na;tða; bÞ ¼ qþ
ð1Þm=dpmðpt  1Þ if Trtðax
paþ1
0 Þ ¼ 0;
ð1Þm=dpm if Trtðax
paþ1
0 Þ=0:
(
ðiiÞ If a ¼ a0z
sðpdþ1Þ for some integer s, then Eq. (3) is solvable if and only
if Tr2d ðbgsÞ ¼ 0 where g 2 F*q is the unique element satisfying
gðp
aþ1Þ=ðpdþ1Þ ¼ z. In such cases we have
Na;tða; bÞ ¼ qþ
ð1Þm=dpmþd ðpt  1Þ if Trtðax
paþ1
0 Þ ¼ 0;
ð1Þm=dpmþd if Trtðax
paþ1
0 Þ=0;
(
where x0 is any solution to Eq. (3).
Proof. To apply Theorem 4.7 we need to consider the equation
ðhaÞp
a
xp
2a
þ haxþ ðhbÞp
a
¼ 0:
However, as h 2 F*pt , this equation is equivalent to
ap
a
xp
2a
þ axþ bp
a
¼ 0:
(Note that this does not imply that Saðha; hbÞ ¼ Saða; bÞ.) By Theorem 4.7 we
have Saðha; hbÞ ¼ 0 if (3) is not solvable, in which case Na;tða; bÞ ¼ q. For the
rest of the proof we assume that (3) is solvable. There are two cases.
If a=a0z
sðpdþ1Þ for any integer s, then Eq. (3) is always solvable with
unique solution x0. Combining Theorem 4.7 with Lemma 5.5 gives
Na;tða; bÞ ¼ qþ ð1Þ
m=dpm
X
h2F*
pt
w1ðhax
paþ1
0 Þ
¼ qþ ð1Þm=dpm
X
h2F*
pt
w1ðhax
paþ1
0 Þ
¼ qþ ð1Þm=dpm
X
h2F*
pt
w1ðhax
paþ1
0 Þ: ð4Þ
Applying Lemma 2.1 yields the result.
If a ¼ a0z
sðpdþ1Þ for some integer s, then Theorem 3.3 states that Eq. (3)
is solvable if and only if Tr2d ðbgsÞ ¼ 0. When this holds, Theorem 4.7 tells
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Saðha; hbÞ ¼ ð1Þ
m=dpmþdw1ðhax
paþ1
0 Þ:
Following a similar method to our ﬁrst case we can derive the result. &
8. EXAMPLES OF CURVES WHICH MEET THE
HASSE–WEIL BOUND
Let us deﬁne the curve
CðX ; Y Þ ¼ aXp
aþ1 þ LðX Þ þ Y  Y p
n
over Fq; q ¼ pe; t ¼ ðn; eÞ dividing ða; eÞ, and L a pt-polynomial. If
degreeðLÞ 
 pa then [13, Proposition VI.4.1] provides us with the following
important facts:
* the curve is absolutely irreducible,
* the genus of the curve is g ¼ paðpn  1Þ=2.
It is a simple matter to show there is only one point at inﬁnity for this curve
and that all points of the curve are non-singular. Thus the number of Fq-
rational points deﬁned by the curve C is 1þ Na;tða; bÞ for a suitable choice of
b 2 Fq. Our results allow us to determine those curves within the class of
Artin–Schreier curves considered in this paper which attain the Hasse–Weil
bound and so are either maximal or minimal curves.
Theorem 8.12. Let q ¼ pe and select integers n and a such that t ¼ ðn; eÞ
divides ða; eÞ. Let L 2 Fq½X  be a pt-polynomial given by
LðX Þ ¼
Xe=t1
i¼0
biXp
ti
with bi ¼ 0 for all i > a=t. Set b ¼
Pe=t1
i¼0 b
peti
i . The number of Fq-rational
points on the Artin–Schreier curve described by the equation
yp
n
 y ¼ axp
aþ1 þ LðxÞ
attains the Hasse–Weil bound if and only if all of the following conditions are
met.
ðiÞ e ¼ 2m.
ðiiÞ n divides a and a divides m.
ROBERT S. COULTER412ðiiiÞ a ¼ a0z
sðpaþ1Þ for some integer s where a0 is given by
a0 ¼
1 if p ¼ 2
zðq1Þ=2ðp
a1Þ if p odd:
(
ðivÞ Tr2aðbz
sÞ ¼ 0 (so that the equation ap
a
xp
2a
þ axþ bp
a
¼ 0 is solvable
with solution x0 sayÞ.
ðvÞ Trtðax
paþ1
0 Þ ¼ 0.
In all cases, the curve is maximal if m=a is odd and minimal if m=a is even.
Suppose b ¼ 0 and let x0 be any solution of the equation ap
a
xp
2a
þ ax ¼ 0.
Then ðaxp
aþ1
0 Þ
pa ¼ axp
aþ1
0 . If p is odd, then
Trtðax
paþ1
0 Þ ¼ Trtððax
paþ1
0 Þ
pa Þ
¼ Trtðax
paþ1
0 Þ
and so Trtðax
paþ1
0 Þ ¼ 0. If p ¼ 2, then ax
paþ1
0 2 F2a . As e=a is even,
Traðax
paþ1
0 Þ ¼ 0 and
Trtðax2
aþ1
0 Þ ¼ TrF2a=F2t ðTraðax
2aþ1
0 ÞÞ
¼ 0:
So, if b ¼ 0, then (iv) and (v) hold trivially.
We end with some comments on the results of Wolfmann in [14]. Let
q ¼ pt and k a positive integer. Wolfmann considered the number of
rational points on the Artin–Schreier curve deﬁned over Fqk by the equation
yq  y ¼ axs þ b;
where a; b 2 Fqk ; a=0, and s is any positive integer relatively prime to p. One
need only consider the case s dividing qk  1. Wolfmann succeeded in
calculating the number of rational points on these curves in the following
scenario:
(i) k ¼ 2t.
(ii) there exists a divisor r of t such that qr  1 mod s.
A careful check of the two sets of conditions reveals that, when LðX Þ ¼ 0,
the conditions described by Theorem 8.12 satisfy the conditions considered
by Wolfmann. There is therefore some overlap between Theorem 8.12 and
Corollaries 1, 2, and 3 of [14]. The two results are, however, not equivalent.
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